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Abstract
We investigate a type of Hermite orthogonal polynomials on r lines in the plane
which have a common point at the origin and endpoints at the r roots of unity and
we show that their related Hermite functions are eigenfunctions of a differential-
difference operator. A supersymmetric harmonic oscillator on r radial lines is pre-
sented and analyzed. Its eigenfunctions are given in terms of these polynomials.
1 Introduction
In [9, 10, 11], the authors formulated a supersymmetry quantum mechanics for one-
dimensional systems by using difference-differential operators known in the literature as
Dunkl operators [15, 5]. One of its characteristic features is that both a supersymmetric
Hamiltonian and a supercharge component involve reflection operators. In addition their
related wave functions are expressed in terms of Hermite orthogonal polynomials Hn(x),
which are orthogonal polynomials over the real line R with respect to the weight function
w(x) = e−x
2
, so that ∫ ∞
−∞
Hn(x)x
ke−x
2
dx = 0, k = 0, . . . , n− 1. (1.1)
An ordinary supersymmetric quantum-mechanical system may be generated by three
operators Q, Q† and H satisfying [13, 11]
H = QQ† +Q†Q and Q2 = Q†
2
= 0. (1.2)
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The basic ingredient of the supersymmtric quantum mechanics [] is the Z2 grading opera-
tor Γ, Γ2 = 1, which classifies all the operators into even (bosonic, b) and odd (fermonic,f)
subsets accordingly to the relations
[Γ, b] = {Γ, f} = 0.
A realization of this algebra is formulated by taking the following supercharge
Q =
1√
2
(−id/dx− iW )f
where W = W (x) is a superpotential and f, f † are fermionic annihilation and creation
operators satisfying
f 2 = (f †)2 = 0, {f, f †} = 1,
and represented by the 2× 2 matrices:
f =
[
0 1
0 0
]
f † =
[
0 0
1 0
]
.
The supersymmetric Hamiltonian is given by
H = {Q,Q†} = 1
2
(
d2
dx2
+W 2) +
1
2
dW
dx
σ3
where
σ3 = [f, f
†] =
[
1 0
0 −1
]
.
Another realization of supersymmetric quantum mechanics, called minimally bosonized
supersymmetric quantum ( it does not involve the presence of spin-like degrees of freedom)
is to take the reflection operator (Rψ)(x) = ψ(−x), as a grading operator. With the
supercharges Q and Q† having the expression
Q =
1√
2
(
d
dx
+ U(x))R +
1√
2
V (x) (1.3)
where U(x) is an even function and V (x) is an odd function. The following Hamiltonian
H , given by
H = −1
2
d2
dx2
+
1
2
(U2 + V 2) +
1
2
dU
dx
− dV
dx
R (1.4)
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In [9], the authors considered a simple example of supersymmetric quantum mechanics
given by the following Hamiltonian:
H = Q2 = −1
2
d2
dx2
+
1
2
x2 − 1
2
R (1.5)
where R is the reflection operator acting as: (Rψ)(x) = ψ(−x), and the supercharge Q is
given by
Q =
1√
2
(
d
dx
R + x) (1.6)
In this paper we will extend the Hermite polynomials to polynomials on r lines. We
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Figure 1: r = 5 with ωr = e
2pii/5.
consider a special configuration for the r lines by having one common point 0 and passing
through the r roots of unity ωjr , j = 0, . . . , r − 1 with ωr = e
2ipi
r . see Figure 1.
To preserve the symmetry, we take a weight function w(x) = |x|2νe−x2r and a measure µj ,
which is supported on the line δj = ω
j
rR, j = 0, . . . , r−1 with w(x) as its Radon-Nikodym
derivative. The orthogonality relations for the type Hermite polynomials H
(r,ν)
N (x) on the
radial lines are then given by
r−1∑
j=0
ω−jr
∫
ωjrR
xkH
(r,ν)
N (x)|x|2νe−x
2r
dx = 0, k = 0, . . . , N − 1. (1.7)
In particular when r = 1 and ν = 0, we have the standard case of the Hermite polynomials
Hn defined in (2.9). It is interesting to know what kind of supersymmetric Hamiltonian
involving reflection operators admits exact eigenfunctions which are expressible in terms
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of the Hermite type orthogonal polynomial on the radial lines. In the literature we
found various type of polynomials which are orthogonal polynomials on radial lines in
the complex plane, see for instance [7]. In particular, Milovanovic´ studied a generalized
Hermite polynomials related to the following inner product [6]
〈f, g〉 =
2r−1∑
j=0
∫ ∞
0
f(εjrx)g(ε
j
rx)|x|2rαe−x2rdx, εr = e ipir .
We study the particular when r = 1 in section 2 and in section 3 we investigate the
generalized Hermite polynomials on the radial lines. In section 4 we give a new Dunkl
type operator, which intrinsically connect with the earlier sections. Using this operator
a supersymmetric harmonic oscillator on r radial lines is presented and analyzed. Its
eigenfunctions are given in terms of the Hermite polynomials on the radial lines.
2 Generalized Hermite polynomials on the real line
Recall that the R-deformed Heisenberg algebra is generated by a, a† and R
[a, a†] = 1 + 2νR, {R, a} = {R, a†} = 0, R2 = 1. (2.1)
which possesses unitary infinite-dimensional representations for ν > −1 acts as follows on
the sates |n, ν〉 

a|n, ν〉 = √n + θn|n− 1, ν〉,
a†|n, ν〉 =√n+ 1 + θn+1|n+ 1, ν〉,
R|n, ν〉 = (−1)n|n, ν〉,
(2.2)
where
θn =
{
0 if n is even
2ν if n is odd,
(2.3)
A realization of this algebra is given by the operators
a =
1√
2
(x+Dν), a
† =
1√
2
(x−Dν). (2.4)
where Dν is the Yang-Dunkl operator
Dν =
d
dx
+
ν
x
(1− R). (2.5)
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The bosonic oscillator Hamiltonian associated to the R-deformed Heisenberg algebra is
given by
H0 = −1
2
d2
dx2
− ν
x
d
dx
+
ν
2x2
(1− R) + 1
2
x2. (2.6)
The wave function corresponding to the well-known eigenvalue
λn = n+ ν +
1
2
, n = 0, 1, 2, . . . (2.7)
are given by
ψn(x) = (−1)[n/2]2n([n/2]!Γ([(n + 1)/2] + ν + 1/2))−1/2e−x2/2H(ν)n (x), (2.8)
where H
(ν)
n (x) is the generalized Hermite polynomials. It is well known that for ν > −12 ,
these polynomial can be expressed in terms of the Laguerre polynomial Lνn(x){
H
(ν)
2n (x) = (−1)n22nn!Lν−
1
2
n (x2),
H
(ν)
2n+1(x) = (−1)n22n+1n! xLν+
1
2
n (x2).
. (2.9)
They satisfy the orthogonality relations :∫
R
H(ν)n (x)H
(ν)
m (x)|x|2νe−x
2
dx = γ−1n δnm, (2.10)
where
γ−1n = 2
2nΓ([
n
2
] + 1)Γ([
n+ 1
2
] + ν +
1
2
), n = 0, . . . (2.11)
and [x] denotes the greatest integer function.
We introduce the following supercharge operator Q
Q =
1√
2
(
DνR + x
)
(2.12)
After evaluating Q2, we get the following form for a supersymmetric Hamiltonian
H = Q2 = −1
2
d2
dx2
− ν
x
d
dx
+
ν
2x2
(1− R) + 1
2
x2 − 1
2
R− ν. (2.13)
The spectrum of H is easily obtained by observing that
H = H0 − 1
2
R− ν. (2.14)
It follows
H|n, ν〉 = (n+ 1
2
(1− (−1)n)|n, ν〉. (2.15)
The spectrum of H consist only for the even number starting with zero. Each level is
degenerate except for the ground states which is unique.
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3 Hermite orthogonal polynomials on the radial lines
Let r be a fixed odd integer r ≥ 2, and ωr be a rth primitive root of unity, i.e, ωr = e 2ipir . In
this section we investigate orthogonal polynomials relative to the following inner product
(f, g)ν =
r−1∑
j=0
ω−jr
∫
δj
f(x)g(x)|x|2νe−x2rdx, (3.1)
=
r−1∑
j=0
∫
R
f(ωjrx)g(ω
j
rx)|x|2νe−x2rdx. (3.2)
Observe that
〈f, f〉ν =
r−1∑
j=0
∫
R
|f(ωjrx)|2|x|2νe−x
2r
dx > 0,
except when f = 0, then (3.1) define an inner product. Following the steps of [6, 7], we
can prove the existence of orthogonal polynomials H
(r,ν)
N (x) such that
r−1∑
j=0
∫
R
(ωjrx)
kH
(r,ν)
N (ω
j
rx)|x|2νe−x2rdx = 0, k = 0, . . . , N − 1. (3.3)
We normalize these polynomials so that the coefficient of xN in H
(r,ν)
N (x) is 2
[N
r
].
Proposition 3.1. We have
H
(r,ν)
N (ωrx) = ω
N
r H
(r,ν)
N (x) (3.4)
Proof. Let q(x) is an arbitrary polynomial of degree at most N − 1, we have
(q(x), H
(r,ν)
N (ωrx))ν =
r−1∑
j=0
∫
R
q(ωjrx)H
(r,ν)
N (ω
1+j
r x)|x|2νe−x2rdx,
=
r−1∑
j=0
∫
R
q(εjrx)H
(r,ν)
N (ω
1+j
r x)|x|αe−x2rdx
=
r∑
j=1
∫
R
q(ε2j−2r x)H
(r,ν)
N (ω
j
rx)|x|2νe−x2rdx
=
r−1∑
j=0
∫
R
q(ω1−jr x)H
(r,ν)
N (ω
j
rx)|x|2νe−x2rdx
= 0.
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Since the degree of q(x) is less than N − 1 , then ω−Nr H(r,ν)N (ωrx) is an orthogonal poly-
nomial with respect to (3.3) . Finally, from the uniqueness of H
(r,ν)
N (x) it follows that
H
(r,ν)
N (ωrx) = ω
N
r H
(r,ν)
N (x). (3.5)
Theorem 3.2. The Hermite type polynomials {H(r,ν)N (x)} satisfy the following orthogo-
nality relations
r−1∑
j=0
∫
R
H
(r,ν)
N (x)H
(r,ν)
M (x)|x|2νe−x
2r
dx = ζNδNM , (3.6)
where
ζN = 2
[N/r]Γ([
N
2r
] + 1)Γ([
N + r
2r
] +
2ν + 2 + 2s− r
2r
). (3.7)
Furthermore, the polynomials {H(r,ν)N (x)} can be expressed in terms of the generalized
Hermite polynomial
H
(r,ν)
N (x) = x
sH(νs)n (x
r), N = nr + s (3.8)
where s = 0, . . . , r − 1 and
νs =
2ν + 2s+ 1− r
2r
. (3.9)
Proof. From Proposition 3.1, the polynomial H
(r,ν)
N (x) can be written uniquely in the form
H
(r,ν)
N (x) = x
sQn(x
r), N = nr + s. (3.10)
Let M = mr + t, t = 0, . . . , r − 1, we have
(H
(r,ν)
N , H
(r,ν)
M )ν =
r−1∑
j=0
ωj(s−t)r
∫
R
Qn(x
r)Qm(xr)x
sxt|x|2νe−x2rdx, (3.11)
= δstr
∫
R
Qn(x
r)Qm(xr)|x|2ν+2se−x2rdx (3.12)
= δst
∫
R
Qn(x)Qm(x)|x| 2ν+2s+1−rr e−x2dx. (3.13)
The existence of the polynomials {H(r,ν)N (x)} is reduced to the existence of polynomials
orthogonal on R with respect to the weight function |x|2νse−x2r .
From (2.10) we obtain
H
(r,ν)
N = x
sH(νs)n (x
r), (3.14)
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where
νs =
2ν + 2s+ 1− r
2r
, s = 0, . . . , r − 1. (3.15)
Theorem 3.3. The Hermite polynomials {H(r,ν)N (x)} on the radial lines satisfy the three
terms recurrence relations
2xrH
(r,ν)
N (x) = H
(r,ν)
N+r(x)− 2
(
[N/r] + ϑN
)
H
(r,ν)
N−r(x), N ≥ r (3.16)
H
(r,ν)
N (x) = x
N , N = 0, . . . , r − 1. (3.17)
Proof. The recurrence relation (3.16) follows from the following recurrence relation for
the generalized Hermite polynomials H
(ν)
n (x) [?]
H
(ν)
n+1(x) = 2xH
(ν)
n (x)− 2(n+ θn)H(ν)n−1(x) (3.18)
H
(ν)
−1 (x) = 0, H
(ν)
0 (x) = 1. (3.19)
where θn is defined in (2.3)
4 Dunkl harmonic oscillator on the radial lines
Let P be the real vector space of all polynomials in one variable with real coefficients.
For each odd integer r, we denote by sr the complex reflection acting on f ∈ P as
(srf)(x) := f(εrx), εr = e
ipi
r ,
and by Π0(r), Π1(r), . . . , Πr−1(r) the orthogonal projections related to the complex re-
flection sr, which are defined by
Πi(r) =
1
r
r−1∑
j=0
ω−ijr s
j
r, i = 0, . . . , r − 1. (4.1)
They constitute a system of resolution of the identity
Π0(r) + Π1(r) + · · ·+Πr−1(r) = 1, and Πi(r)Πj(r) = δijΠi(r). (4.2)
Let ν > r−1
2
and consider the following differential-difference operator
Yν =
d
dxr
+
1
rxr
r−1∑
s=0
(2ν + 1 + s− r)Πr+s(2r)− sΠs(2r), (4.3)
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where
d
dxr
=
1
rxr−1
d
dx
. (4.4)
The operator Yν acts on monomials x
k as
Yνx
s = 0,
Yνx
2nr+s = 2nx2(n−1)+r+s,
Yνx
2nr+r+s = (2n + 2νs + 1)x
2nr+s,
where s = 0, . . . , r − 1, and
νs =
2ν + 2s+ 1− r
2r
. (4.5)
We introduce the deformed number [N ]ν for each N = 0, 1, . . . by
[N ]ν = [N/r] + ϑN , (4.6)
where
ϑN =


0, if N = 2nr + s, s = 0, . . . , r − 1
2νs if N = 2nr + r + s, s = 0, . . . , r − 1.
(4.7)
Obviously
Yνx
N = [N ]νx
N−r. (4.8)
Notice the important property of the operator Yν that is: it sends the linear space of
polynomials of degree less than n to the space of dimension n − r. In particular, this
means that there are no polynomial eigenfunction of this operator.
Proposition 4.1. We have
YνH
(ν)
N (x) = 2[N ]νH
(ν)
N−r(x). (4.9)
Proof. We need the following relations for Laguerre polynomials [5]
x
dLαn(x)
dx
= nLαn(x)− (n+ α)Lαn−1(x) (4.10)
Lα−1n (x) = L
α
n(x)− Lαn−1(x) (4.11)
dL
(α)
n (x)
dx
= −L(α+1)n−1 (x). (4.12)
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If N = 2nr + s with 0 ≤ s ≤ r − 1, then by (4.12) we have
dH
(r,ν)
N (x)
dx
= (−1)n22nn!sxs−1L(νs−1/2)n (x2r) + (−1)n−122n+1n!rx2r+s−1L(νs+1/2)n−1 (x2r)
=
s
x
H
(r,ν)
N (x) + 4nrx
r−1H
(r,ν)
N−r(x).
Hence
dH
(r,ν)
N (x)
dxr
− s
rxr
H
(r,ν)
N (x) = 4nH
(r,ν)
N−r(x). (4.13)
Combine (4.10) and (4.11) to get
x
dLαn(x)
dx
= (n+ α)Lα−1n (x)− αLαn(x). (4.14)
If N = 2nr + r + s with 0 ≤ s ≤ r − 1, then from (2.9) and (4.14) we can write
dH
(r,ν)
N (x)
dx
= (−1)n22n+1n!(xr+sL(νs+1/2)n (x2r))′
= (−1)n22n+1n!(r + s)xr+s−1L(νs+1/2)n (x2r)
+ (−1)n22n+2n!rx3r+s−1dL
(νs+1/2)
n (x2r)
dx
=
r + s− 2r(νs + 1/2)
x
H
(ν)
N (x) + 2r(2n+ 2νs + 1)x
r−1H
(ν)
N−r(x).
Hence
dH
(ν)
N (x)
dxr
+
2ν + 1 + s− r
rxr
H
(ν)
N (x) = 2(2n+ 2νs + 1)H
(ν)
N−r(x). (4.15)
The result follows from (4.6) and the following form for the operator Yν
Yν =
r−1∑
s=0
( d
dxr
+
1
rxr
(2ν + 1 + s− r))Πr+s(2r)
+
r−1∑
s=0
( d
dxr
− s
rxr
)
Πs(2r).
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Proposition 4.2. The generalized Hermite polynomials satisfy the following differential-
difference equation:
Y 2ν H
(r,ν)
N (x) + 2x
rYν H
(r,ν)
N (x) = 2[N ]νH
(r,ν)
N (x). (4.16)
Proof. From the recurrence relation (3.16) and (4.9), we have
2xrH
(r,ν)
N (x) = H
(r,ν)
N+r(x)−
(
[N/r] + ϑN
)
H
(r,ν)
N−r(x)
= H
(r,ν)
N+r(x)− YνH(r,ν)N (x).
This yields
YνH
(r,ν)
N (x) + 2x
rH
(r,ν)
N (x) = H
(r,ν)
N+r(x). (4.17)
We apply the operator Yν to the two members of (4.17) and we use (4.9), to obtain
Y 2ν H
(r,ν)
N (x) + 2x
rYν H
(r,ν)
N (x) = 2[N ]νH
(r,ν)
N (x).
We introduce the parabosonic creation and annihilation operators
a =
1√
2
(
Yν + x
r
)
, a† =
1√
2
(− Yν + xr). (4.18)
These operators have the commutation relations
[a, a†] = 1 +
1
r
r−1∑
s=0
(2ν + 2s+ 1− r)(Πs(2r)− Πr+s(2r)) (4.19)
aΠs(2r) = Πr+s(2r)a, Πs(2r)a
† = a†Πr+s(2r). (4.20)
The Hamiltonian H0 assumes the form
H0 = −1
2
Y 2ν +
1
2
xr. (4.21)
Define the Hermite functions on the radial lines by
h
(r,ν)
N (x) = γ
−1/2
N e
−x
2r
2 H
(r,ν)
N (x), (4.22)
where
γN =
2[N/r][N ]ν !
ζN
.
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An easy computation using Propositions 3.2 and 3.3 leads to the following results:
ah
(r,ν)
N (x) =
√
[N ]νh
(r,ν)
N−r(x), (4.23)
a†h
(r,ν)
N (x) =
√
[N + r]νh
(r,ν)
N+r(x). (4.24)
It immediately follows that
Hh
(r,ν)
N (x) = ([N/r] +
1
2
νs)h
(r,ν)
N (x). (4.25)
Proceeding similarly as [2], we can decompose every function f : δ → C uniquely in the
form
f =
r−1∑
j=0
fj, fj = Πj(f).
It is clearly that the function fj satisfies fj(ω
2
rx) = ω
j
rfj(x). Then it can be identified
with a function defined on the real line. Thus facts enables us to extend the Schwartz
space S(R) to the spaces S(δ) of functions defined on the radial lines δ. It is easily seen
that the Dunkl operator Yν map the space S(δ) into itself.
Let consider the inner product in radials lines
〈f, g〉ν =
r−1∑
j=0
∫
R
f(ωjrx)g(ω
j
rx)|x|2νdx, ωr = e 2ipir . (4.26)
We denote by L2ν(δ) the space of measurable functions f on δ satisfying
r−1∑
j=0
∫
R
|f(ωjrx)|2|x|2νdx <∞. (4.27)
As a direct consequence we notice that the projections Πj , j = 0, . . . , 2r − 1, are self-
adjoint that is
〈Πjf, g〉ν = 〈f,Πjg〉ν . (4.28)
One can also verify that the multiplication operator by xr is also self-adjoint
〈xrf, g〉ν = 〈f, xrg〉ν .
Lemma 4.3. Let f, g ∈ S(δ). Then
〈Yνf, g〉ν = −〈f, Yνg〉ν .
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Proof. We have
〈Yν , g〉ν =
r−1∑
j=0
∫
R
f ′(ωjrx)g(ω
j
rx)|x|2ν−r+1dx
+
r−1∑
s=0
(2ν + 1 + s− r)
〈
1
rxr
Πr+sf, g
〉
ν
−
r−1∑
s=0
s
〈
1
rxr
Πsf, g
〉
ν
= (I) + (II)− (III)
Performing integration by parts, the first term (I) becomes
(I) =
1
r
r−1∑
j=0
ω−jr
{
lim
x→∞
[
f(x)g(x)|x|2ν−r+1
]
− lim
x→−∞
[
f(x)g(x)|x|2ν−r+1
]}
−1
r
r−1∑
j=0
∫
R
f(ωjrx)(g
′ +
α
x
g)(ωjrx)|x|2ν−r+1dx
= −1
r
r−1∑
j=0
∫
R
f(ωjrx)(g
′ +
2ν − r + 1
x
g)(ωjrx)|x|2ν−r+1dx
= −
〈
f,
dg
dxr
+
2ν − r + 1
rxr
g
〉
ν
.
For the second and the third terms we use the fact that〈
1
rxr
Πsf, g
〉
ν
=
〈
f,
1
rxr
Πr+sg
〉
ν
.
This yields
(II) =
r−1∑
s=0
(2ν + 1 + s− r)
〈
f,
1
rxr
Πsg
〉
ν
(III) =
r−1∑
s=0
s
〈
f,
1
rxr
Πr+sg
〉
ν
.
Combining these equations we get
〈Yν , g〉ν = −〈Yν, g〉ν .
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Thus from (3.6), the system {h(r,ν)N (x)} is an orthonormal set in L2ν(δ) and it is complete
by same argument used to prove that the classical Hermite functions form a complete
orthogonal set in L2(R, dx) see [1].
Theorem 4.4. The operator H with domain D(H) = S(δ) is essentially self-adjoint; the
spectra of its closure is discrete and given by
1
2
(
[N ]ν + [N + r]ν
)
, N = 0, 1, 2, . . . .
Now we will give a supersymmetric oscillator. To this end we change x by xr and
the standard derivative d
dx
by the Dunkl operator Yν in the expression of the supercharge
defined in (1.6), to get the new supercharge
Q =
1√
2
(
YνRr + x
r
)
(4.29)
where Rr is the reflection given
Rr =
r−1∑
s=0
(Πs − Πr+s). (4.30)
A straightforward computation shows that
YνRr = −RrYν, xrRr = −Rrxr, R2 = 1. (4.31)
After evaluating Q2, we get the following form for a supersymmetric Hamiltonian
H = Q2 = H0 − 1
2
[Yν , x
r]Rr. (4.32)
The spectrum of H is easily obtained by using (4.32), we have
Hh
(r,ν)
N (x) = [N/r]h
(r,ν)
N (x). (4.33)
The spectrum of H consist only for the number [N/r] starting with zero. Each level is
degenerate.
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